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Mean Field Approximation

Recall, ELBO: L[q] = 〈log p(x , z)〉q − 〈log q(z)〉q.
We need to optimize it over q. Let’s assume q(z) =

∏
j

q(zj). Hence, let’s re-write all to adapt

the optimization to this form.

p(x1:n, z1:m) = p(x1:n)
m∏
j=1

p(zj |z1:j−1, x1:n),

L[q] =
m∑
j=1

〈log p(zj |z−j , x1:n)〉∏m
j=1 q(zj ),

m∑
j=1

〈E−j log p(zj |z−j , x1:n)〉q(zj ) −
m∑
j=1

〈log q(zj)〉q(zj ).
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Mean Field Approximation

F [q] =
m∑
j=1

〈E−j log p(zj |z−j , x1:n)〉q(zj ) −
m∑
j=1

〈log q(zj)〉q(zj ) −
m∑
j=1

λj

(∫
q(zj)dzj − 1

)
,

δ

δqj
F [q] = E−j log p(zj |z−j , x1:n)− log q(zj)− λj = 0.

Hence,

qj ∝ exp{E−j log p(zj |z−j , x1:n)} ∝ exp{E−j log p(zj , z−j , x1:n)}.
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Normal-Gamma Model

For xi ∈ R, X = {xi}Ni=1, θ = (µ, λ)

p(X , µ, λ) =

[
N∏

n=1

N (xn|µ, λ−1)

]
N (µ|m0, (βλ)−1)G (λ|a0, b0).

It will be usefully to write its log:

log p(X , µ, λ) =

[
N∑

n=1

1
2

log λ− λ

2
(µ− x2)2

]
+

1
2

log(β0λ)− β0λ

2
(µ−m0)2 +(a0−1) log λ−b0λ

Consider following approximation:

p(µ, λ|X ) = q(λ)q(µ)

Recall general mean-field update equation:

log q(θj) = 〈log p(X , θ)〉q(θ−j )
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Bayesian GMM

Consider the following model:

p(X , z , π, µ,Λ) =
∏
n,k

[(
N (xn|µk ,Λ

−1
k )πk

)znk]Dir(π|α0)
∏
k

N (µk |m0, (βΛk)−1)W (Λk |W0, µ0).

We consider following approximation:

p(z , π, µ,Λ|X ) = q(z)q(π, µ,Λ).


